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15.7 Appendix G: Lorentz transformations

In this Appendix, we will give an alternate derivation of the Lorentz transformations, egs.
(11.17). The goal here is to derive them from scratch, using only the two postulates of
relativity. We will not use any of the results derived in Section 11.3. Our strategy will be
to use the relativity postulate (“all inertial frames are equivalent”) to figure out as much
as we can, and to then invoke the speed-of-light postulate at the end. The main reason for
doing things in this order is that it will allow us to derive a very interesting result in Section
11.10.

As in Section 11.4, consider a coordinate system S’ moving relative to another system
S (see Fig. 15.3). Let the constant relative speed between the frames be v. Let the
corresponding axes of S and S’ point in the same direction, and let the origin of S’ move
along the z axis of S, in the positive direction. As in Section 11.4, we want to find the
constants, A, B, C, and D, in the relations,

Ax = AAx'+ BAY,
At = CAY+ DAL, (15.57)

The four constants will end up depending on v (which is constant, given the two inertial
frames). Since we have four unknowns, we need four facts. The facts we have at our disposal
(using only the two postulates of relativity) are the following.

1. The physical setup: S’ travels with velocity v with respect to S.

2. The principle of relativity: S should see things in S’ in exactly the same way as S’
sees things in S (except perhaps for a minus sign in some relative positions, but this
just depends on our arbitrary choice of directional signs for the axes).

3. The speed-of-light postulate: A light pulse with speed ¢ in S’ also has speed ¢ in S.

The second statement here contains two independent bits of information. (It contains at
least two, because we will indeed be able to solve for our four unknowns. And it contains no
more than two, because then our four unknowns would be over-constrained.) The two bits
that are used depend on personal preference. Three that are commonly used are: (a) the
relative speed looks the same from either frame, (b) time dilation (if any) looks the same
from either frame, and (c) length contraction (if any) looks the same from either frame. It
is also common to recast the second statement in the form: The Lorentz transformations
are the same as their inverse transformations (up to a possible minus sign). We’ll choose to
work with (a) and (b). Our four independent facts are then:

1. S’ travels with velocity v with respect to S.

2. S travels with velocity —v with respect to S’. The minus sign here is due to the
convention that we picked the positive x axes of the two frames to point in the same
direction.

3. Time dilation (if any) looks the same from either frame.
4. A light pulse with speed ¢ in S’ also has speed ¢ in S.

Let’s see what these imply, in the above order.®

8In what follows, we could obtain the final result a little quicker if we invoked the speed-of-light fact prior
the time-dilation one. But we’ll do things in the above order so that we can easily carry over the results of
this appendix to the discussion in Section 11.10.
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e (1) says that a given point in S’ moves with velocity v with respect to S. Letting

' = 0 (which is understood to be Az’ = 0, but we’ll drop the A’s from here on)
in egs. (15.57) and dividing them gives z/t = B/C. This must equal v. Therefore,
B = v(C, and the transformations become

x = Az +oCt,
t = Ct' + Dz (15.58)

e (2) says that a given point in S moves moves velocity —v with respect to S’. Letting
x = 0 in the first of eqs. (15.58) gives '/’ = —vC/A. This must equal —v. Therefore,
C = A, and the transformations become

x = Az +vAt,
t = At + D2’ (15.59)

Note that these are consistent with the Galilean transformations, which have A =1
and D = 0.

e (3) can be used in the following way. How fast does a person in S see a clock in S’
tick? (The clock is assumed to be at rest with respect to S’.) Let our two events be
two successive ticks of the clock. Then 2z’ = 0, and the second of egs. (15.59) gives

t=At'. (15.60)

In other words, one second on S”’s clock takes a time of A seconds in S’s frame.

Consider the analogous situation from S’’s point of view. How fast does a person in
S’ see a clock in S tick? (The clock is now assumed to be at rest with respect to S,
in order to create the analogous setup. This is important.) If we invert egs. (15.59)
to solve for =’ and ¢’ in terms of x and ¢, we find

,  x—ut
YT A" D
At — Dx

Two successive ticks of the clock in S satisfy = 0, so the second of eqs. (15.61) gives

P
A—Dv’

(15.62)

In other words, one second on S’s clock takes a time of 1/(A — Dv) seconds in S”’s
frame.

Both egs. (15.60) and (15.62) apply to the same situation (someone looking at a clock
flying by). Therefore, the factors on the right-hand sides must be equal, that is,

R — D_l(A—l). (15.63)

A—Dv v A
Our transformations in egs. (15.59) therefore take the form
x = Al +ot'),
1 1
/ - o /
A (t +- (1 AQ)x ) . (15.64)

These are consistent with the Galilean transformations, which have A = 1.

t
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e (4) may now be used to say that if ' = ct, then & = c¢t. In other words, if z’ = ¢t’,

then , )
:%: A(l(ct)+1it) _ cc+v _— (15.65)
A(’f'*q}(l‘fxz)(@')) 1+ (- )
Solving for A gives
A1 (15.66)

V1—0v2/c2’
We have chosen the positive square root so that the positive x and x’ axes point in the

same direction. The transformations are now no longer consistent with the Galilean
transformations, because c is not infinite, which means that A is not 1.

The constant A is commonly denoted by v, so we may finally write our Lorentz transfor-
mations, egs. (15.64), in the form,

z = (@ +ot),
t = ' +va'/c?), (15.67)
where
1

(15.68)

7 1=/’

in agreement with eq. (11.17).



